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ABSTRACT

It is shown that there is a constant K so that, for every separable metric space
X, there is a map T : X — ¢, satisfying

d(x,y)=|Tx — Ty| = Kd(x,y) for every x,y € X.

Two metric spaces X, Y are called Lipschitz equivalent if there isa map T
from X onto Y, such that T and T' satisfy a Lipschitz condition. The spaces
are called uniformly equivalent if there is a map T from X onto Y, such that T
and T7' are uniformly continuous.

Only little is known at present on the uniform or Lipschitz classification of
Banach spaces. It is, for example, an open problem whether there are two
nonisomorphic Banach spaces which are Lipschitz equivalent, ([3], p. 89) or
uniformly equivalent ([S], pp. 162-163 and [2], p. 283).

A related problem is the question whether the existence of a Lipschitz (resp.
uniform) homcomorphism from a Banach space X into a Banach space Y,
implies that there is a linear isomerphism from X into Y. Mankiewicz [10] has
shown that for Lipschitz embeddings, the answer is positive if Y is a separable
conjugate space (or more generally if Y has the Radon-Nikodym property). We
prove here that the answer is negative if Y = c,. We show that every separable
Banach space is Lipschitz equivalent to a subset of c,. It is well known that not
every such space is isomorphic to a subspace of c,.

Our result is of interest also in the context of the general theory of metric
spaces. It is known that every separable metric space is isometric to a subset of
C(0, 1). ([1], p. 185). Thus our result implies that every separable metric space is
Lipschitz equivalent to a subset of co.
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Let X be a Banach space with a normalized basis {e:}-, (i.e. such that Jje;|| = |
for all i). For every x € X there is a unique representation x = 37, xe. We
denote by {P.}..o the partial sum operators (i.e. P,x = =/., x.e;, Pax = 0). It is
known that for such a space X, there is an equivalent norm (namely ||x || =
SUPm<n |P.x — P,x])) in which all the operators P, — P,, are of norm 1. In the
sequel we shall assume, therefore, that |P, — P.||=10=m, n <. It follows
from the convexity of the norm that for every x = Ii., xie, € X, all natural
numbers m <n and real numbers 0=¢, s <1

(1) | tXmem + Pax = Prx + sXpuren. || = || x || .
DeFINITION 1. An element x € X, for which there is an integer n satisfying

P,x = x, is called finitely supported. The minimal such n is called the length of
x, and is denoted by [(x).

DEFINITION 2. Let 0# x =27, x¢, € X, and let 0<B< || x| . Let n be the
first integer such that |x — P.x||< B (i.e.|x — P,_,x||Z B). Let 0=t = [ be such
that |lx — P.x + tx.e.|| = B. We define the map Q, by

(2) Qex = Px ~tx,e, = P, .x + (1= t)x.e..

From the definition we get immediately that:
a) Qsx is finitely supported,

3) [Qex|=(ix[l (by (1)) and [ix — Quxll=p.
b) For every y € X satisfying I(y) <!(Qsx), we have
@) Ix=yll =z [x-Qux| =8.

LEMMA 1. Let a >0, a >0 be real numbers. Then there is a sequence
{z'(a,a)};-1 of finitely supported elements in X satisfying:

a) For every j, [z2'(a,a)| = a.

b) I(z'(a,a)) is a (not necessarily strictly) increasing and unbounded
function of j.

c) For every finitely supported z € X satisfying |z|| =< a, there is a j such that
lz -z (a,e)l| < a, I(z'(a,@)) = 1(z) and for m =1(z), (z'(a, @))mzm > 0.

(We denote by z.. the coefficient of e.. in the expansion of z).

Proor. For every integer n, the sets
A ={zEX: l(z)=n, z, >0, |z]| = a}

and
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B,={z€X:1(z)=n, z, <0, |z| = a}

are totally bounded, hence there are finite a-nets in A, and in B, denoted by
{zi(a, @)}y oo and {z7(a, @)}, ... respectively (where {p,}>-, is an increas-
ing sequence of integers, and p, = 0). The sequence {z'(a. a)}j-, satisfies all the
requirements in the statement of the lemma.

DerINITION 3. Let a >0 be a real number. Letn 26, [ =k =2n/3,and j be
natural numbers. Denote by i the triple i = (n,k,j). We define

Mi={x€X:(n-2a=|x|=(n+ Na, Qux =1z2'(a,na)}

t;=(k-1a
where {z'(a.na)};-, is the sequence constructed in lemma 1.
ReMARK. We may have M? = & for some i. In the sequel we shall consider

only the non-empty M¢,In order not to complicate the notation any more, we
do not use a special notation for them.

Lemma 2. For every x € X there is only a finite number of triples i = (n, k, )
for which d(x, M%) <t5.

Proor. For n >3(|x|/a + 1), every 1Sk =2n/3, every j EN and every
y € M5 we have

ly —xlzliyl~lxlz(n —2a~(n/3~1)a=2naf3-azka~a=t:.

Hence, d(x, M4)=1t¢ for such i

Assume now that n < 3(|x)l/a + 1). We have |x}| > (n — 3)a/3 = a. Since Qa.»x
is finitely supported, there is a j, such that [{(z'(a,na)) > 1(Q.-x). Hence for
every j = jo we have I(z'(a, na)) > [{Q.x). For such j, for i =(n,k,J) and for
every y € M4 we have

ly = xIzfly = Quaxll - lx = Quaxl 2]y — Quyli—al2
~ka-af2>(k=-TNa=t.

(The second inequality follows by (4)). Hence we have d(x, M) = t5 also for
such i, and the lemma is proved.

LeMMa 3. Leta >0 and x,y € X satisfy x|z |lyll and |x — y||= 36a. Then
there is a triple i = (n,k,j) for which

a) d(x,Mi)<a, d(y, M) =t}

b) 19 =|x —yl2

c) t?—az|x—yl4
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Proor. Let
n=[x/a]+1

and

k ={llx — yli/3a]
(where [t] denotes the largest integer =t). We have that

2na 2z 2x| zx -yl
hence

k=2n/3
and
[Quexl| = lx[| = na .

Let 2 = z'(a, na) be the element ensured by part ¢ of Lemma 1, correspond-
ing to z = Qux, and let i = (n, k, ). We prove that this triple i has all the desired
properties. Put

U=z +x—Qux
Then
flu — x| =llz' = Quxl|<a
and
Qut =2*
(By part ¢ of Lemma 1). We have
(n-Da=n-a-a=|x|-a=s|u|Z|x]|+a=na+a=(n+a

Hence u € M¢ and d(x, M¢)=|u - x||<a.
On the other hand, for every v € M? we have

Qv = 2.
Hence
Iy = vllzlly = xll =[x = Qux ||~ [Quax = 2’| = ]l" — v
=3ka—ka—a—ka=(k-1a=t.
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Hence d(y, M%) = t:. This proves part (a) of the lemma. Part (b) of the lemma
holds since

ti=(k-Na=lx-y[3-as=s|x-y|2
Finally, part (c) holds since
@t —-aMix-ylzk-2a/3tk+az=1/4

(Observe that k >|x — y[l/3a — 1 236/3—-1=11).
We are now ready to prove our main result.

THEOREM. There is a constant K >0 such that for every separable metric
space X, there is a map T : X — ¢, satisfying

d(x,y)=||Tx — Ty| = Kd(x, y)
for every x,y € X.

Proor. By the theorem of Banach and Mazur, every separable metric space
is isometric to a subset of C(0, 1), ([1], pp. 185-188), which is a Banach space
with a basis. We assume, therefore, that X is a Banach space with a normalized
basis, satisfying [P, —P.[[=10=m <n <=,

For every a >0 we denote by T, the map T,: X — ¢, defined by

(T.x) = max(0,t —d(x, M?%)).

By Lemma 2, T,x is finitely supported for every x € X. Clearly T,0 =0 and
|ITox — Tuy||<|lx -y}l for all x,y € X. If ||x||=|y| and ||x — y|| = 36a, then by
Lemma 3 there is an i such that

(T.y)i =0 ti—a=(T,x); =t}

and hence
(Tax); —(Toy)i|Z 15 —a = |x - y|/4.

We define next a map S.: X — ¢, by
(S.x)i = min((T,x),, 72a).

The map S, has the following properties: S,0 = 0; S.x is finitely supported and
|S.x || = 72a for every x € X. Also [|S.x — S.y|| <|lx — y| for every x, y € X, and
if 36a =|lx — y| =72a then ||S.x — Syl =[x — y|/4.

Define now

T:X—)('Z@Co)o =y
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by

T=4(T|®\;:®S|/z") .

n=1

Tx =4Tx,Sipx, -, Surxy - - 0).
This map has all the desired properties.

ReMARK. We can prove that one can take any K > 6. (Our proof does not
ensure K =4 since we have also to renorm C(0, 1) so that for some Schauder
basis |P, — P.||= 1 for all m < n). We do not know the best possible constant.
We know however that K = 2. This is shown by Proposition 3 below.

If we replace the requirement that T is a Lipschitz equivalence, by the
requirement that T is only a uniform equivalence, then a slight modification of
the proof of the theorem will show the existence of a map T so that T(X) is
even bounded. It turns out however that this can be done directly in a very
simple manner by the following observation.

ProposITION 1. A separable infinite-dimensional C(K) space (K compact)
is uniformly equivalent to a bounded subset of itself.

Proor. For every f € C(K) let ¢(f) € C(K) be defined by:
¢f (x) = max{— 2, min{0, f(x)}}.

Define now
T:C(K)= (3 @CK)@ (2 @CcK)) =ck)
by
=3 @6 +N® 3 Dn-1).

An easy computation shows that for every f,g € C(K)

min{l, [If —gl} =|ITf - Tgl|=|f —gl. |Tfl=3.

Hence T defines the desired equivalence.

CoroLLARY. Every separable metric space is uniformly equivalent to a
bounded subset of c.
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Proposition 1 is of interest in connection with a problem raised by Gorin [6]
whether [, is uniformly equivalent to a bounded subset of itself.

Besides ¢, there is another important and well known example of a Banach
space which fails to have the Radon-Nikodym property. namely L(0.1). It is
therefore natural to ask whether it could replace ¢, in the theorem above. The
answer is negative. Indeed we prove a stronger result.

ProposiTioN 2. The space ¢, is not uniformly equivalent to a subset of
L0, 1) 1=p <=,

Proof. Assume to the contrary that ¢, is uniformly equivalent to a subset of
L,(0.1) 1=p <=. By [4] (p. 48). a uniformly continuous map on ¢, maps
bounded sets into bounded sets. Using Corollary 1., we get that every separable
metric space is uniformly equivalent to a bounded subset of L,(0, 1), which in
turn is uniformly equivalent to a bounded subset of L+(0, 1) [9]. This contradicts
a result of Enflo [S] who exhibited a separable metric space which is not
uniformly equivalent to a subset of /..

We return now to the Lipschitz constant appearing in the theorem.

PropositioN 3. Let T:l,—c, satisfy ||x —y|=|Tx - Ty| = Klx - v|| for
every x,y €1,. Then K = 2.

Proor. Whithout loss of generality we may assume that T0 =0. Assume
that K <2 and hence 4-2K > 0. Denote by {¢,}; . the unit vector basis in [,
and let

M ={n €N :|(Te)), —(Te.),|=4-2K} .
For every i,j =3, i#j define
M, ={n € N:|(Te:). — (Te;)), | Z4-2K}.

M and M;; are finite sets. We show that forevery i,j 23,i#jM N M,;#J.
Indeed,

[T(ei+e)—T(e:+¢)|Z|(e.+e)—(e:+¢)=4
Hence there is an n, € N for which
'T(el + e;),,o_ T(e:+ e,—),,"l ;4

Consequently,

I(Tel)no‘(Tez)no' = IT(e. +e),— Tles+ ei)m.l
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—|T(es+ €)= (Te)n,| = | T(€2+ €)n,— (Te2)n,]
Z4—||T(e.+e)—Te||—T(e:+¢)~Tel|=Z4— K - K =4-2K,

hence n,& M. The same reasoning shows also that n,€ M,;, and hence
MNM,;#2.

Denote by Py, the natural projection of ¢, on span{e.,},en. Then {PyTe Vi1 is
a bounded set in a finite dimensional space. This contradicts the fact that the
distance between any two of its members is =Z4-2K.

We conclude this note by mentioning a problem which arises naturaity from
our work.

ProBLEM. s C(0, 1) Lipschitz equivalent to ¢,? (This is part of the problem
of [3] mentioned in the introduction.) In connection with this problem, we
mention that J. Lindenstrauss proved in (7] (pp. 273-275) that from every
metric space containing a C(K) space (K — compact metric space). there is a
Lipschitz projection on C(K). Thus. if T is a Lipschitz embedding of C(0,1)
into ¢,, then there is a Lipschitz projection from ¢, onto TC(0. ).
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