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It is shown that there is a constant K so that, for every separable metric ~pace 
X, there is a map T : X - - *  co satisfying 

d(x,y)<=llTx - Ty[l~ K d ( x , y )  for every x.y E X. 

Two metric spaces X, Y are called Lipschitz equivalent if there is a map T 

from X onto Y, such tfiat T and T-' satisfy a Lipschitz condition. The spaces 

are called uniformly equivalent if there is a map T from X onto Y, such that T 

and T-' are uniformly continuous. 

Only little is known at present on the uniform or Lipschitz classification of 

Banach spaces. It is, for example, an open problem whether there are two 

nonisomorphic Banach spaces which are Lipschitz equivalent, ([3], p. 89) or 

uniformly equivalent ([5], pp. 162-163 and [2], p. 283). 

A related problem is the question whether the existence of a Lipschitz (resp. 

uniform) homcomorphism from a Banach space X into a Banach space Y0 

implies that there is a linear isomorphism from X into Y. Mankiewicz [10] has 

shown that for Lipschitz embeddings, the answer is positive if Y is a separable 

conjugate space (or more generally if Y has the Radon-Nikodym property). We 

prove here that the answer is negative if Y = co. We show that every separable 

Banach space is Lipschitz equivalent to a subset of co. It is well known that not 

every such space is isomorphic to a subspace of co. 

Our result is of interestalso in the context of the general theory of metric 

spaces. It is known that every separable metric space is isometric to a subset of 

C(0, 1). ([l l, p. 185). Thus our result implies that every separable metric space is 

Lipschitz equivalent to a subset of co. 

t This is a part of the author's Ph.D. Thesis prepared at the Hebrew University of Jerusalem, 
under the supervision of Professor J. Lindenstrauss. 
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Let X be a Banach space with a normalized basis {e~},=, (i.e. such that Ile~ll = I 

for all i). For every x ~ X there is a unique representation x = Y-~=, x,e,. We 

denote by (P, }~-o the partial sum operators (i.e. P,x -- YT~, x,e,, Pox = 0). It is 

known that for such a space X, there is an equivalent norm (namely HI x I1[ = 

sup,,<, ]JPox - P~,xll ) in which all the operators P, - Pm are of norm I. In the 

sequel we shall assume, therefore,  that liP, - P , ,  II = l 0 _-< m, n < oo. It follows 

from the convexi ty  of the norm that for  every x = ~.,.,x,e, E X,  all natural 

numbers m < n and real numbers 0_-< t, s _-< 1 

(D I1 txmem + P.X - P,.x + sx .§  II ~ II x [I. 

DEFINmON I. An element x E X, for which there is an integer n satisfying 

P.x = x, is called finitely supported. The minimal such n is called the length of 

x, and is denoted by l (x) .  

DEFINITION 2. Let 0 # x = .X?_, x,e~ E X. and let 0 < 13 < 11 x ]l �9 Let n be the 

first integer such that JJx - P.xll </3 (i.e. JJx - P.-,xJI >=/3). Let 0 _-< t _-< I be such 

that IIx - Pox + tx.e. I] =/3. We define the map Q~ by 

(2) Qox = P.x - tx.e. = P. ,x + (1 - t )x.e. .  

From the definition we get immediately that: 

a) Q~x is finitely supported. 

(3) IIQoxlr <- II x II (by (1)) and IIx - Q~x II = [3. 

b) For every y E X  satisfying l ( y ) < l ( Q o x ) ,  we have 

(4) ] ] x - y  ]] ~ I] x - Q~x ]1 = f t .  

LEMMA I. Let  a > 0 ,  a > 0  be real numbers.  Then there is a sequence 

{z i(a, a)}7., o/f ini tely supported  elements in X satisfying : 

a) For every L IIz~(a,a)[r<-a. 

b) l ( z~ (a ,a ) )  is a (not  necessarily strictly) increasing and  unbounded  

[unct ion o[ j. 
c) For  every finitely supported  z ~ X satisfying Itz tl <- a, there is a j such that  

IIz - zJ(a,a)]l < a, I ( z J (a ,a ) )  = l ( z )  a n d / o r  m = I(z) ,  (zJ(a,a))mz, .  >0 .  

(We  denote by z,. the coeOicient o[ e., in the expansion o[ z ). 

PROOF. For every  integer n, the sets 

A. ={z ~ X :  l ( z ) =  n, z. >0, Ilzfr-< ~} 

and 
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B,  = {z E X :  I ( z )  = n, z~ < 0, Ilzll-<- a} 

are totally bounded ,  hence  there  are finite a -ne t s  in A, and in B, deno ted  by 

{z~ (a, a)}j-:pP .... . . . .  , and {z s (a, a )}J'-'_~ .... .,, respec t ive ly  (where  {po }:. ,  is an increas-  

ing sequence  of integers,  and po = 0). The  sequence  {zJ(a.  a 5}7=, satisfies all the 

r equ i rement s  in the s ta tement  of the lemma.  

DEFINITION 3. L e t a  > 0 b e a r e a l n u m b e r .  Let  n _-> 6 ,1 -<  k -<_ 2n /3, a n d j b e  

natural  numbers .  Denote  by i the triple i = ( n , k , j ) .  We define 

M," = {x C X :(n - 2)a -<_ Ilxl[ ~ r  + 15o, Qkox = zJ(a ,  na )}  

t7 = (k - I)a 
where  { z ' ( a .  na)}~=~ is the s equence  cons t ruc ted  in l emma I. 

REMARK. We may have M~ = ~ for  some i. In the sequel  we shall cons ider  

only the non-empty  M L  in order  not to compl ica te  the nota t ion any more ,  we 

do not use a special  nota t ion for  them.  

LEMMA 2. F o r  euery  x E X there  is on ly  a f in i te  n u m b e r  o f  tr iples  i = (n, k, j)  

f o r  w h i c h  d ( x ,  M", ) < t"~. 

PROOF. For  n > 3 ( i [ x [ i / a + l ) ,  eve ry  l<=k<_-2n/3,  eve ry  j ~ N  and eve ry  

y ~ M a we have 

IlY - xll >= I tY l l - I l x l l~  (n - 2)a - ( n / 3  - I)a = 2 h a l 3 -  a >- ka  - a = t~ . 

Hence ,  d(x ,M"~)>=t~  for  such i. 

Assume now that  n < 3(llxllla + 15. We have Ilxll > in - 3)a /3  >_- a. Since Q~,2x 

is finitely suppor ted ,  there  is a j,, such that  I(zJ~ na ) ) >  I(Q~j:x). Hence  for  

eve ry  j >_- jo we have  I ( z  i Ca, h a ) )  > I ( Q , ~ x ) .  For  such j, for  i = (n, k, j) and for  

eve ry  y ~ M7 we have 

ItY - x II >= fly - Q~z~.x I I -  I[ x - Qo,:x II >= Ily - Qk,y  I I -  a 12 

= ka - a / 2 > ( k  - i )a  = t~ .  

(The second  inequali ty fol lows by (4)). Hence  we have  d ( x ,  M ~ )  >= t~ also for  

such i, and the lemma is proved .  

LEMMA 3. Le t  a > 0 a n d  x, y E X sa t i s f y  [Ixll --> Ilyll a n d  Ilx - yll >-- 36a. T h e n  

there  is a triple i =  (n ,k , ] )  f o r  wh ich  

a) d ( x ,  M T ) < a ,  d(y,M"~)>>-t"~ 

b) t~ ~ Ilx - y 11/2 

c) t~ - a >= IIx - yll/4. 
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PROOF. Le t  

and 

L I P S C H I T Z  E Q U I V A L E N C E  

n = [llxll/a] + I 

k = [llx - yll/3a ] 

(where  I t ]  deno te s  the largest  integer  <= t) .  We have  that  

2ha >-_ 2[[xll--> [Ix - Yl[ 

hence  

and 

k <= 2n/3 

287 

and 

Then  

IL" - x II : -  I I z '  - Okox LL < a 

H e n c e  

Qkal t  = Z i 

(By par t  c of  L e m m a  1). We have  

(n - 2 ) a  = ( n  - I ) a  - a  <=[[x!]-a <=tluH<-llxtl+a ~ n a  + a  = ( n  + I)a. 

H e n c e  u ~ M 7  and d(x ,  MT)<=l[u - x [ [ < a .  

On the o ther  hand,  for  eve ry  v ~ M~ we have  

Qka12 = Z i. 

ifY - v rf ~ [[Y - x 1[- [Ix - Qkax I I -  I lQ,  ax - z '  I f -  IIz ' - v II 

> = 3 k a - k a  - a  - k a  = ( k  - 1 ) a  =tT .  

IIQkox II =< IIx [1 ~ h a .  

Let  z j = zJ(a, ha)  be the e l emen t  ensured  by par t  c of L e m m a  I, c o r r e s p o n d -  

ing to z = Qkox, and let i = (n, k,j-). We p rove  that  this triple i has all the desi red 

proper t ies .  Put  

b/ : -  Z j + X  -- Qk.X.  
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Hence d(y, M~) => t~. This proves part (a) of the lemma. Part (b) of the lemma 

holds since 

t,* = ( k  - I ) a  <= Ilx - y l l / 3  - a _---IIx - yll/2. 

Finally, part (c) holds since 

( t7  - a )/tlx - Yll >= (k - 2)a /3(k  + 1)a _-> I/4 

(Observe that k > IIx - yll/3a - 1 _-> 36/3 - 1 = 11). 

We are now ready to prove our main result. 

Tr~EOREM. There is a cons tan t  K > 0 such that  f o r  every separable  metr ic  

space  X ,  there is a m a p  T : X - -~  Co satis[ying 

d(x, y)  <-_ IlTx - TyII-<- K d ( x ,  y) 

/or  every x, y E X.  

PROOF. By the theorem of Banach and Mazur, every separable metric space 

is isometric to a subset of C(0, 1), ([I], pp. 185-188), which is a Banach space 

with a basis. We assume, therefore,  that X is a Banach space with a normalized 

basis, satisfying lIP. - P,, II = I 0 =< m < n < oc. 

For  every  a > 0  we denote by To the map T ~  defined by 

(T~x), = max(0, t? - d(x ,  M~)) .  

By Lemma 2, T,x is finitely supported for every x E X. Clearly T~ 0 = 0 and 

I ITox-  T o Y t l - ~ l l x - Y l l  for all x , y  E X .  If Ilxll>=llyll and J lx-  YH-->36a, then by 

Lemma 3 there is an i such that 

(Toy), = 0 t~ - a =< (Tox), _-< t,* 

and hence 

I(T,x), - ( ToY ), I >= t7 - a >= IIx - yll/4. 

We define next a map 5'. :X---, Co by 

(S,x)~ = min((T,x),, 72a).  

The map So has the following properties: S~0 = 0; S,x  is finitely supported and 

ILS.x II -<-- 72a for every  x E X. Also IIS, x - Soy II --- IIx - y II f o r  every x, y ~ X, and 

if 36a <= IIx - Y El --< 72a then I IS.x  - Soy II --> IIx - y 11/4. 

Define now 
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by 

i .e. ,  
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.=.(T,| | 
n = l  

Tx = 4( T,x,  S,o.x. , " �9 ', S,12"x, " " "). 

This map has all the desired properties. 

REMARK. We can prove that one can take any K > 6. (Our proof does not 

ensure K = 4 since we have also to renorm C(0, 1) so that for some Schauder 

basis lIP, - P,, I[ -< I for all m < n). We do not know the best possible constant. 

We know however  that K _-> 2. This is shown by Proposition 3 below. 

If we replace the requirement that T is a Lipschitz equivalence, by the 

requirement that T is only a uniform equivalence, then a slight modification of 

the proof of the theorem will show the existence of a map T so that T ( X )  is 

even bounded. It turns out however  that this can be done directly in a very 

simple manner by the following observation. 

PROr'OSmON i. A separable infinite-dimensional C ( K )  space ( K  c o m p a c t )  

is uniformly equivalent to a bounded subset  o f  itself. 

PROOF. For every f E  C ( K )  let r  be defined by: 

cbf(x) = max{ - 2, min{0,f(x)}}. 

Define now 

n = O  

by 

): + i ) |  :): 

An easy computation shows that for every f , g  ~ C ( K )  

min{I, ]]f - gl]} <= []Tf - Tg[l <= l]f - g]], ]]Tf[/_-<3. 

Hence T defines the desired equivalence. 

COROLLARY. Every separable metric space is uniformly equivalent  to a 

bounded  subset  o f  Co. 
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Proposition 1 is of interest in connection with a problem raised by Gorin [6] 

whether l_. is uniformly equivalent to a bounded subset of itself. 

Besides Co there is another important and well known example of a Banach 

space which fails to have the Radon-Nikodym property,  namely L,(0. I). It is 

therefore natural to ask whether it could replace c,, in the theorem above. The 

answer is negative. Indeed we prove a stronger result. 

PROPOSITION 2. The space co is not uniformly equivalent to a subset  o f  

L,(0,  I ) I  --< p < ~. 

PROOF. Assume to the contrary that co is uniformly equivalent to a subset of 

Lp(0.1) l_-<p < ~ .  By [4] (p. 48), a uniformly continuous map on co maps 

bounded sets into bounded sets. Using Corollary 1, we get that every separable 

metric space is uniformly equivalent to a bounded subset of L,(0,  !), which in 

turn is uniformly equivalent to a bounded subset of L,(0, I) [9]. This contradicts 

a result of Enflo [5] who exhibited a separable metric space which is not 

uniformly equivalent to a subset of l~.. 

We return now to the Lipschitz constant appearing in the theorem. 

PROPOSITION 3. Let T : I , - -~  co satisfy IIx - yll-<-IlYx - TyI[ =< Kllx - yll for 
every x, y ~ I~. Then K >= 2. 

PROOF. Whithout loss of generality we may assume that TO = 0. Assume 

that K < 2 and hence 4 - 2 K  > 0. Denote by {e,}i , the unit vector basis in I, 

and let 

M ={n E N : I t T e , ) . - ( T e . . ) , I > = 4 - 2 K } .  

For every i,] => 3. i ~ j  define 

M,.j = {n U N:  I(Te,). - (Te,), I => 4 - 2K}. 

M and M~.~ are finite sets. We show that for every i,j >= 3,i # i, M f3 M~.j # ~ .  

Indeed, 

liT(e, + e, ) - T(ez + e,) l l-  II(e, + e, ) - (e2 + e, )1[ = 4 

Hence there is an n0G N for which 

IT(e,  + e,),~,- T(e,_ + ei).,, I >-_ 4 

Consequently,  

](Te,) .o-  (Te2).ol >=IT(e, + e, ).~,- T(e:  + el )~,l 
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- I T ( e ,  + e, )~o - (Te,),,o I -  I T(e~ + e j )~  - ( Te2),ol 

_- 4 - l iT(e ,  + e, ) - T e , l ) -  IlT(e.. + ej) - Te,_!l >= 4 - K - K = 4 - 2 K .  

hence n 0 E M .  The same reasoning shows also that n,,E M~.j, and hence 
M f"l Mi.~ fi ~3 ~. 

Denote by P .  the natural projection of c,, on span{e,,/,,r Then {P.~Te,}7_, is 

a bounded set in a finite dimensional space. This contradicts the fact that the 

distance between any two of its members is _->4-2K. 

We conclude this note by mentioning a problem which arises naturally from 

our work. 

PROBLEM. IS C(0. I) Lipschitz equivalent to c,,? (This is part of the problem 

of [3] mentioned in the introduction.) In connection with this problem, we 

mention that J. Lindenstrauss proved in [7] (pp. 273-275) that from every 

metric space containing a C ( K )  space (K ~ compact metric space), there is a 

Lipschitz projection on C ( K ) .  Thus. if T is a Lipschitz embedding of C(0, I) 

into co, then there is a Lipschitz projection from c,, onto TC(O,  1). 

ACKNOWLEDGEMENT 

I wish to thank Professor J. Lindenstrauss for his guidance and valuable 
remarks. 

REFERENCES 

I. S. Banach, Th[orie des Opgrations Lingaires. Warszawa, 1937. 
2. C. Bessaga, On topological elassi]ication o[ complete linear metric' spaces, Fund. Math. 56 

(1965), 250-288. 
3. C. Bessaga and A. Pelczynski. On the topologic'al classification of complete linear metric 

spaces, General Topology and Its Relations to Modern Analysis and Algebra, Proc. Symp. Prague. 
1961, 87-90. 

4. H. Corson and V. Klee, Topological (lassifi('ation ofcont, ex sets, Proc. A,M.S. Symposia in 
Pure Math. Vol. VII, Convexity, 1963. pp. 37-51, 

5. P. Enflo, On a problem of Smirno~'. Ark. Mat. 8 (1969). 107-109. 
6. E. A. Gorin. On uni[ormly topological embedding o[ metric spaces in Euclidean and in 

Hilbert spaces, Uspehi Mat. Nauk 14 (1959), 5 (89), 129-134 (Russian). 
7, J. Lindenstrauss, On nonlinear projections in Banach spaces, Michigan Math. J. 11 (1964), 

268-287. 
8. J. l,indenstrauss. Some aspe(ts o[the theory of Banach spaces, Advances in Math. 5 (1970). 

159--180. 
9, S. Mazur: Une remarque sur I'horngomorphie des champs fonctionnels, Studia Math. ! 

(1929), 83-85. 
10. P. Mankiewicz. On the differentiability of Lipschitz mappings in Fr~chet spaces, Studia 

Math. 45 (1973), 15-29. 

THE HEBREW UNIVERSITY OF: JERUSALEM 
JERUSAI,EM. [SRAEL 


